In this article, we perform an systematic study of the radiative transitions among the bottomonium states using the heavy quarkonium effective Lagrangians, and make predictions for the ratios among the radiative decay widths of a special multiplet to another multiplet. The predictions can be confronted with the experimental data in the future.
Introduction
In recent years, the Babar, Belle, CLEO, CDF, D0 and FOCUS collaborations have discovered (or confirmed) a large number of charmonium-like states and revitalized the interest in the spectroscopy of the charmonium states [1, 2, 3, 4] . There are also some progresses in the spectroscopy of the bottomonium states. In 2004, the CLEO collaboration observed the Υ(1D) states in the four-photon decay cascade, Υ(3S) → γχ b (2P), χ b (2P) → γΥ(1D), Υ(1D) → γχ b (1P), χ b (1P) → γΥ(1S), and obtained the mass M Υ(1 3 D2) = (10161.1 ± 0.6 ± 1.6) MeV [5] . In 2008, the Babar collaboration observed the η b (1S) in the radiative decay Υ(3S) → γη b (1S) [6] , and latter confirmed it in the radiative decay Υ(2S) → γη b (1S) [7] . In 2010, the Babar collaboration observed the Υ(1 3 D j ) state through the decay chain Υ(3S) → γγΥ(1 3 D j ) → γγπ + π − Υ(1S) with j = 1, 2, 3, and obtained the mass M Υ(1 3 D2) = (10164.5 ± 0.8 ± 0.5) MeV [8] . In 2011, the Belle collaboration reported the observation of the spin-singlet bottomonium states h b (1P) and h b (2P), which are produced in the reactions e + e − → h b (nP)π + π − with significances of 5.5 σ and 11.2 σ, respectively [9] . The measured masses are M h b (1P) = 9898.25 ± 1.06 +1.03 −1.07 MeV and M h b (2P) = 10259.76 ± 0.64 +1.43 −1.03 MeV, respectively. Recently, the ATLAS collaboration observed the χ bj (3P) with j = 1, 2 in the radiative transitions χ bj (3P) → γΥ(1S), γΥ(2S) in the proton-proton collisions at the Large Hadron Collider (LHC) at the energy √ s = 7 TeV [10] . The measured mass barycenter is (10530 ± 5 ± 9) MeV, and the hyperfine mass splitting is fixed to the theoretically predicted value of 12 MeV. And more bottomonium states would be observed in the future at the Tevatron, KEK-B, RHIC and LHCb.
On the other hand, there have been several theoretical works on the spectroscopy of the bottomonium states, such as the relativized potential model (Godfrey-Isgur model) [11] , the Cornell potential model, the logarithmic potential model, the power-law potential model, the QCDmotivated potential model [12] , the relativistic quark model based on a quasipotential approach in QCD [13] , the Cornell potential model combined with heavy quark mass expansion [14] , the screened potential model [15] , the potential non-relativistic QCD model [16] , the confining potential model with the Bethe-Salpeter equation [17] , etc. In Table 1 , we list the experimental values of the bottomonium states compared with some theoretical predictions [9, 10, 11, 15, 18] .
The charmonium and bottomonium states have analogous properties, the hadronic transitions and radiative transitions among the heavy quarkonium states have been studied by the QCD multipole expansion [19] , the nonrelativistic potential model [20, 21, 22, 23] , the heavy quarkonium effective theory [24] , the coupled-channel approach [21, 22] , the hybrid approach based on the multipole expansion and heavy quark symmetry [25] , etc. In the nonrelativistic potential models, the E 1 and M 1 transitions among the bottomonium states are usually studied by the following 1 E-mail:wangzgyiti@yahoo.com.cn. 1 formulae [20, 21, 22, 23] ,
where the E γ is the photon energy, the E f is the energy of the final bottomonium state, the M i is the mass of the initial bottomonium state, and the angular matrix factor C f i is
The values of the matrix elements n ′ 2s
2 corrections depend on the details of the wave-functions, which are evaluated using a special potential model [11, 12, 13, 15] . In Ref. [26] , we focus on the traditional charmonium scenario of the new charmonium-like states and study the radiative transitions among the charmonium states with the heavy quarkonium (or meson) effective theory based on the heavy quark symmetry [24, 27, 28] [29, 30, 31, 32, 33] . In this article, we extend our previous works to study the radiative transitions among the bottomonium states using the heavy quarkonium effective theory.
The article is arranged as follows: we study the radiative transitions among the bottomonium states with the heavy quarkonium effective Lagrangians in Sect.2; in Sect.3, we present the numerical results and discussions; and Sect.4 is reserved for our conclusions.
2 The radiative transitions with the heavy quarkonium effective Lagrangians
In the infinite heavy quark mass limit, the heavy quarkonium states do not have heavy quark flavor symmetry and spin symmetry, while for the intermediate heavy quark mass, the heavy quark spin symmetry is expected to make sense [34, 35] . In fact, the c and b quarks have large but finite masses, we can construct heavy quarkonium effective Lagrangians based on the heavy quark spin symmetry. In the nonrelativistic QCD for the heavy quark systems, we introduce three typical energy scales
where m Q and v are the heavy quark masses and velocities respectively, and count the operators with the power orders of v, take the heavy quarkonia as bound states and study them with the nonrelativistic Schrodinger field theory, and apparent Lorentz covariance is lost. In the heavy quark effective theories, we introduce two typical energy scales m Q and Λ QCD , count the operators with the power orders of 1/m Q , and take the heavy quarkonia as the basic relativistic quantum fields rather than bound states at the hadron level, the calculations are more simple, and apparent Lorentz covariance is maintained. In the two approaches, the heavy quarkonium states are classified in the same scheme. And the two approaches both have advantages and shortcomings.
The bottomonium states can be classified according to the notation n 2s+1 L j , where the n is the radial quantum number, the L is the orbital angular momentum, the s is the spin, and the j is the total angular momentum. They have the parity and charge conjugation P = (−1)
L+1
and C = (−1)
L+s , respectively. The states have the same radial quantum number n and orbital
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momentum L can be expressed by the superfields J, J µ , J µν , etc [34, 35] ,
where the v µ denotes the four velocity associated to the superfields. We multiply the bottomonium fields Υ
, · · · , respectively, and they have dimension of mass 3 2 . The superfields J, J µ , J µν are functions of the radial quantum numbers n, the fields in a definite superfield have the same n, and form a multiplet. The superfields J µ1...µL have the following properties under the parity, charge conjunction, heavy quark spin transformations,
where S, S ′ ∈ SU (2) heavy quark spin symmetry groups, and
The S-wave multiplet contains the spin-singlet bottomonium states; while the P -wave and D-wave multiplets contain both the spin-singlet and spin-triplet bottomonium states, there exist mass splittings among (or between) the bottomonium states in the same multiplet. In the nonrelativistic quark models, we resort to the spin-spin, spin-orbit and tensor interactions to take into account the mass splittings. In the present case, we can use the superfields J, J µ , J µν and the Dirac matrix σ µν to construct the heavy quarkonium effective Lagrangians at the hadronic level to account for the mass-splittings in a multiplet [35] . The heavy quark effective Lagrangian can be written as
where 2 , · · · , respectively, here we introduce the scale Λ QCD to characterize the bound states. The mass-splittings in a multiplet can also be reproduced with the heavy quarkonium effective Lagrangians at the next-to-leading order [35] .
The radiative transitions between the m and n bottomonium states can be described by the 4 following heavy quarkonium effective Lagrangians [24, 26, 36] 2 , The Lagrangians L SP and L P D preserve parity, charge conjugation, gauge invariance and heavy quark spin symmetry, while the Lagrangian L SS violates the heavy quark spin symmetry. The effective Lagrangians L SP and L P D describing the electric dipole E 1 transitions can be realized in the leading order O(1) in the heavy quark effective theory, while the effective Lagrangian L SS describing the magnetic dipole M 1 transitions can be realized in the next-to-leading order O(1/m Q ). The corrections to the L SP , L P D and L SS come from the next-to-leading order O(1/m Q ) and the next-to-next-to-leading order O(1/m 2 Q ), respectively. We can construct the corresponding Lagrangians with the superfields J, J µ , J µν , the Dirac matrix σ µν , the electromagnetic field tensor F µν and the four-vector v µ , and introduce additional unknown coupling constants, which have to be fitted to the precise experimental data in the future, and study the spin symmetry violations in the radiative decays to the bottomonium states in an special multiplet.
In the case of the charmonium states, the O(v 2 /c 2 ) corrections to the E 1 transitions come from the magnetic quadrupole M 2 and electric octupole E 3 terms, the current average values of the relative amplitudes are
decay from the Particle Data Group [18] . Although the values differ from the theoretical expectations v 2 /c 2 ≈ 0.3, the corrections are very small, we expect that the corresponding corrections for the bottomonium states are also very small.
In the screened potential model [15] , the predictions for the decay widths of the transitions Υ(2S) → χ bj (1P)γ, Υ(3S) → χ bj (2P)γ, j = 0, 1, 2, become better compared to the experimental data after the O(v 2 /c 2 ) corrections are taken into account, the O(v 2 /c 2 ) corrections are not large; on the other hand, the O(v 2 /c 2 ) corrections in the radiative transitions 4S → 2P, 4S → 1P, · · · , are very large, and it is not a good approximation for taking the spin symmetry breaking effects perturbatively. At the hadron level, large spin symmetry violations mean that the O(1/m Q ) corrections are large enough to ruin the leading order approximation, while we do not have enough experimental data to fit the unknown coupling constants in the phenomenological Lagrangians, and those parameters cannot be canceled out with each other to result in independent ratios among the radiative decay widths; we expect that neglecting the next-to-leading order and next-to-next-toleading order corrections for the L SP , L P D and L SS respectively leads to uncertainties of the order O(Λ QCD /m b ); in other words, we expect that the flavor and spin symmetry breaking corrections of the order O(1/m Q ) to the effective Lagrangians L SP and L P D are smaller than (or not as large as) the leading order contributions.
In the heavy quark limit, the contributions of the order O(1/m Q ) are greatly suppressed. [3, 37] . In the heavy quarkonium effective theory, the heavy quark spin symmetry cannot count for the analogous decay widths as the ψ ′ and J/ψ have the same quantum numbers except for the radial numbers and masses, we can use the coupling constants δ(2, 1) and δ(1, 1) to parameterize all those corrections in the nonrelativistic potential models, and take them as free parameters fitted to the experimental data, then use those parameters to study other processes.
From the heavy quarkonium effective Lagrangians L SS , L SP and L P D , we can obtain the radiative decay widths Γ,
where the T denotes the scattering amplitude, the p cm (or k γ ) is the momentum of the final states in the center of mass coordinate, the denotes the sum of all the polarization vectors, the j is the total angular momentum of the initial state, and the M is the mass of the initial state. For example, in the radiative decays
where the ǫ µνα (λ, q), ǫ µν (λ, p) and ǫ µ (λ, k) are the polarization vectors of the bottomonium states Υ 3 (m 3 D 3 ), χ b2 (n 3 P 2 ) and the photon, respectively. The summation of the polarization vectors of the total angular momentum j = 1, 2, 3 states results in the following three formulae,
we use the FeynCalc to carry out the contractions of the Lorentz indexes.
Numerical Results
In calculations, the masses of the bottomonium states are taken as the experimental values from the Belle collaboration [9] , the ATLAS collaboration [10] and the Particle Data Group [18] , see Table 1 ; for the unobserved bottomonium states, we take the values from the screened potential model as the physical masses [15] . For the bottomonium states above the BB threshold, the masses receive contributions from the intermediate meson-loops, such as the BB, BB * , B * B , B * B * , · · · . If the coupled channel effects are large enough to distort the bb configurations and induce some meson-meson components in the wave-functions, the mass-shifts are very large. For example, in the case of the charmonium states, the mass-shifts originate from the coupled channel effects are about −(400 − 500) MeV [38] , we have to take the masses from the special potential quark model as the bare masses, and redefine the bare masses to reproduce the physical masses or the experimental values, the net coupled channel effects lead to the mass-shifts of the order 10 MeV. For the observed bottomonium states, the masses from the screened potential model [15] are consistent with the experimental data from the Belle collaboration [9] , the ATLAS collaboration [10] and the Particle Data Group [18] . Although the net coupled channel effects result in mass-shifts for all the bottomonium states, we expect the mass-shifts are not large enough to destroy counting them as small quantities, and only modify the radiative decay widths through the phase-factor k 3 γ perturbatively. Neglecting the coupled channel effects can lead to the uncertainties about ∆k
The numerical values of the radiative decay widths are presented in Tables 2-6 , where we retain the unknown coupling constants δ(m, n) among the multiplets of the radial quantum numbers m and n. In general, we expect to fit the parameters δ(m, n) to the precise experimental data, however, the experimental data are far from enough in the present time. In Tables 2, 7 -10, we present the ratios among the radiative transitions among the bottomonium states.
The CLEO collaboration have observed that the doubly radiative decay ψ ′ → γγJ/ψ takes place through the decay cascade ψ ′ → γχ cj , χ cj → γJ/ψ, j = 0, 1, 2 with additional tiny non-resonance contributions [39, 40] . Recently, the BESIII collaboration observed the first evidence for the direct two-photon transition ψ ′ → γγJ/ψ with the branching fraction (3.3 ± 0.6
in a sample of 106 million ψ ′ decays collected by the BESIII detector [41] . In Ref. [42] , He et al study the discrete contributions to decay ψ ′ → γγJ/ψ due to the E 1 transitions using the heavy quarkonium effective Lagrangian [24] . We expect that the corresponding doubly radiative decay Υ(2S) → γγΥ(1S) occurs through the analogous decay cascade Υ(2S) → γχ bj (1P), χ bj (1P) → γΥ(1S). Experimentally, the doubly radiative decays Υ(3S) → γγΥ(2S) and Υ 2 (1D) → γγΥ(1S) have been observed [18] . Once the coupling constants δ(m, n) in the heavy quarkonium effective Lagrangians L SS , L SP and L P D are fitted to the precise experimental data, we can use them to study the doubly radiative decays, Υ(3S) → γγΥ(2S), Υ 2 (1D) → γγΥ(1S), and other physical processes have the radiative transitions as their sub-processes, or study the singly radiative decays. For example, the radiative decays Υ(2S) → γχ bj (1P) and Υ(3S) → γχ bj (2P) have been observed experimentally, we can use them to fit the coupling constants δ(2, 1) and δ(3, 2), and make predictions for the decay widths Γ(η b (2S) → γh b (1P)) and Γ(η b (3S) → γh b (2P)), see Tables 3,7 .
The widths of the radiative transitions of the S-wave to the P -wave bottomonium states listed in the Review of Particle Physics are presented in Table 3 [18] . From those radiative decay widths, we can obtain the ratios among the radiative decay widths of the S-wave to the P -wave bottomonium states, which are presented in Table 7 . From the table, we can see that the agreements between the experimental data and the theoretical predictions are rather good, and the heavy quarkonium effective theory in the leading order approximation works rather well. The ratios presented in Tables 2, 7 -10 can be confronted with the experimental data in the future at the Tevatron, KEK-B, RHIC and LHCb. In Tables 7-10 , we also present values come from the screened potential model for comparison [15] , and no definite conclusion can be made.
In calculations, we observe that the radiative decay widths are sensitive to the masses of the bottomonium states in some channels. Γ(Υ(4S)→χ b2 (3P)γ) ∼ 3 seems rather natural, more experimental data are still needed to make better predictions.
The radiative decay widths Γ ∝ k 3 γ , the uncertainties originate from the masses of the bottomonium states can be estimated as
, the subscripts i and f denote the initial and final bottomonium states, respectively. The uncertainties of the masses of the bottomonium states Υ(5 3 S 1 ) and Υ(6 3 S 1 ) are 8 MeV from the Particle Data Group [18] , and the corresponding relative uncertainties ∆M M are 0.074% and 0.073%, respectively, and expected to result in the largest uncertainties for the decay widths. The ATLAS collaboration fixed the hyperfine mass splitting between the χ b2 (3P) and χ b1 (3P) to the theoretically predicted value of 12 MeV, which maybe result in larger uncertainty for the mass barycenter, as the theoretical and experimental values of the hyperfine mass splitting always have differences [10] . On the other hand, the uncertainties of the masses of other bottomonium states are very small, about (or less than) 1 MeV, from the recent Belle data [9] and the Review of Particle Physics [18] , the relative uncertainties ∆M M are tiny. If the factor
is not large enough (i.e. the difference between the radial quantum numbers of the initial (m) and final (n) states is larger than 1, |m−n| > 1), the uncertainties originate from the masses of the bottomonium states are of a few percents, and can be neglected. For example, the uncertainties in the radiative decays of the S-wave to the S-wave and the S-wave to the P -wave bottomonium states are
8 and ∆Γ Γ < 0.6% for Υ(4
respectively. From above equations, we can see that the relative uncertainties of the decay widths of the Υ(5
are larger than the corresponding ones of the Υ(4
, as the mass of the Υ(5 3 S 1 ) has larger uncertainty [18] . In calculations, we observe that the upper bound of the uncertainties originate from the masses of the Υ( . Such crude estimation maybe not work well, we should bear in mind that the magnitudes of the contributions from the higher order terms in the heavy quarkonium effective theory be determined experimentally.
Conclusion
In this article, we extend our previous work on the radiative transitions among the charmonium states to study the radiative transitions among the bottomonium states in an systematic way based on the heavy quarkonium effective theory, and make predictions for ratios among the radiative decay widths of a special multiplet to another multiplet, where the unknown couple constants δ(m, n) are canceled out with each other. The predictions can be confronted with the experimental data in the future at the Tevatron, KEK-B, RHIC and LHCb. Table 2 : The ratios of the radiative decay widths of the S-wave to the S-wave bottomonium states, where the unit of the widths is δ 2 (m, n). Table 3 : The radiative decay widths of the S-wave to the P -wave bottomonium states, where the unit is 10 −4 δ 2 (m, n). The wide-hat denotes the experimental values, where the unit is KeV. Table 4 : The radiative decay widths of the P -wave to the S-wave bottomonium states, where the unit is 10 Table 5 : The radiative decay widths of the P -wave to the D-wave bottomonium states, where the unit is 10 −4 δ 2 (m, n). Table 6 : The radiative decay widths of the D-wave to the P -wave bottomonium states, where the unit is 10 −4 δ 2 (m, n). Table 7 : The ratios among the radiative decay widths of the S-wave to the P -wave bottomonium states, where Γ = Γ Γ(Υ→χ2γ) , Γ(Υ → χ 2 γ) = Γ(Υ→χ2γ) Γ(Υ→χ2γ) = 1, and the wide-hat denotes the experimental values, the values in the bracket come from the screened potential model [15] . Table 9 : The ratios among the radiative decay widths of the P -wave to the D-wave bottomonium states, where Γ = Γ Γ(χ2→Υ3γ) , Γ(χ 2 → Υ 3 γ) = Γ(χ2→Υ3γ) Γ(χ2→Υ3γ) = 1, and the values in the bracket come from the screened potential model [15] 14 Table 10 : The ratios among the radiative decay widths of the D-wave to the P -wave bottomonium states, where Γ =
